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1
Introd

u
ction

In
this

paper,
w
e
analyze

the
problem

of
sequential

param
eter

learning
and

state
estim

a-

tion
in
a
m
odel

incorporating
both

stochastic
volatility

and
jum

ps.
T
his

sequential
prob-

lem
is
fundam

entally
different

from
the

usual
inference

procedures,
w
hereby

param
eters

are
estim

ated
based

on
the

entire
history

of
data.

H
ere,

w
e
are

interested
in
estim

ating

param
eters

and
state

variables
sequentially

in
real

tim
e
as
each

new
data

point
arrives.

Standard
estim

ation
techniques

do
not

apply
because

it
is
not

com
putationally

feasible
to

repeat
traditionalestim

ation
algorithm

s,such
as
sim
ulated

m
ethod

ofm
om
ents

or
M
C
M
C
.

D
ue
to
these

com
putationalhurdles,the

sequentialproblem
has

largely
been

overlooked

by
the

recent
literature,

despite
its
central

role
in
both

practical
applications

and
its
im
-

portance
for
theoreticalm

odeling.
For

practicalfinance
applications,agents

m
ust

estim
ate

param
eters

and
m
ake

forecasts
in
real-tim

e.
O
n
the

theoretical
side,

standard
rational

expectations
asset

pricing
m
odels

assum
e
that

agents
know

all
of
the

param
eters

and,

conditional
on
these

param
eters,

the
agents

price
future

payoffs.
T
hese

m
odels

are
silent

regarding
exactly

how
the

agents
learn

about
the

param
eter

values
and

there
is
a
large

literature
analyzing

the
equilibrium

im
plications

of
param

eter
learning

of
econom

ic
agents

(see,
e.g.,

T
ow
nsend

1978
and

1983
or
B
ray

and
K
reps,

1987).

R
ecently,

tw
o
new

m
ethods

have
been

developed
for

sequential
inference.

T
he
first

approach,
developed

in
Storvik

(2002)
and

extended
here,

is
based

on
the

particle
filter

(G
ordon,

Salm
ond

and
Sm
ith

1993
and

its
extensions

in
P
itt
and

Shephard,
1999).

H
ere,

the
posterior

density
ofthe

param
eters

and
state

variables
is
approxim

ated
by
a
discrete

set

of
support

points
or
particles.

T
hese

particles
are

then
sequentially

updated
as
new

data

arrives.
P
article

m
ethods

are
now

the
benchm

ark
for

nonlinear,
non-G

aussian
filtering

problem
s.

T
he
second

approach,
called

the
practical

filter,
is
based

on
rolling-w

indow

M
C
M
C
m
ethods

and
w
as
developed

in
P
olson,

Stroud,
and

M
uller

(2003)
and

Johannes,

P
olson,

and
Stroud

(2004).
B
oth

approaches
are

com
putationally

attractive
and

initial

w
ork

in
Storvik

(2002)
and

P
olson,

Stroud
and

M
uller

(2003)
show

s
that

the
approaches

2



show
prom

ise
for
certain

sim
ple

cases
such

as
G
aussian

m
odels

and
log-stochastic

volatility

m
odels,

although
there

are
som

e
problem

s
learning

the
volatility

of
volatility

param
eter

in

stochastic
volatility

m
odels.

W
e
focus

on
jum

p-diffusion
m
odels

because
these

m
odels

play
a
central

role
in
finance

applications.
T
here

is
am
ple

evidence
the

jum
ps
in
prices

are
im
portant

in
m
any

m
arkets

and
from

disparate
source. 1

T
he
sequential

problem
is
particularly

interesting
in
these

m
odels

as
jum

ps
are

rare
events,

and
it
is
diffi

cult
to
‘disentangle’

jum
ps
from

diffusive

com
ponents

(see
A
ït-Sahalia

2003).
T
o
learn

about
jum

p
process

param
eters,

the
agent

m
ust

first
correctly

identify
the

m
ovem

ent
as
a
jum

p,and
then

update
his/her

view
s
regard-

ing
the

param
eter

values.
T
he
param

eters
controlling

rare
events

are
first-order

im
portant

for
asset

pricing
applications

such
as
option

pricing
or
credit

risk
m
odeling.

M
oreover,

the

dynam
ic
process

of
learning

about
these

param
eters

has
im
portant

im
plications

for
asset

pricing
applications

as
show

n
recently

in
C
ollin-D

ufresne,
G
oldstein,

and
H
elw
ege

(2003)

and
B
enzoni,

C
ollin-D

ufresne
and

G
oldstein

(2005).
H
ansen

and
Sargent

(2005)
solve

a

related
problem

,
w
hereby

an
agent

sequentially
learns

about
param

eters
and

latent
states,

but
here

the
agent

is
also

concerned
about

potential
m
odel

m
isspecification

and
therefore

solves
a
robust

control
problem

w
ith

sequential
learning.

W
e
provide

four
contributions

to
the

literature:
first,

w
e
extend

existing
sequential

inference
algorithm

s
to
incorporate

jum
ps
in
prices,

in
addition

to
stochastic

volatility;

second,
w
e
analyze

the
perform

ance
of
the

algorithm
s
using

sim
ulated

data,
to
docum

ent

their
perform

ance
in
a
laboratory

environm
ent;

third,
w
e
analyze

the
sequential

param
e-

ter
inference

problem
using

S&
P
500

data;
and,

finally,
w
e
investigate

the
option

pricing

1See
B
ates

(2000),B
akshi,C

ao
and

C
hen

(1997),P
an
(2002)

and
E
raker

(2004)
for
evidence

using
option

prices,
Johannes,

K
um
ar
and

P
olson

(1999),
A
ndersen,

B
enzoni,

and
L
und

(2001),
C
hernov,

G
hysels,

G
allant,

and
T
auchen

(2003),
C
hib,

N
ardariand

Shephard
(2004),

or
E
raker,

Johannes,
and

P
olson

(2003)

for
evidence

based
on
the

tim
e
series

of
returns.

A
ndersen,

B
ollerslev,

and
D
ieb
old

(2005),
B
arndorff

-

N
ielson

and
Shephard

(2004)
and

H
uang

and
T
auchen

(2005)
provide

high-frequency
evidence

for
the

presence
of
jum

ps.
T
hese

nonparam
etric

m
ethods

are
im
p
ortant

as
they

are
robust

to
the

sp
ecification

of

the
volatility

process.
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im
plications

of
the

sequential
jum

p
param

eter
estim

ates.

B
ased

on
sim
ulated

data,w
e
find

that
both

algorithm
s
are

com
putationally

feasible
and

can
sequentially

estim
ate

the
jum

p
param

eters
in
addition

to
the

volatility
param

eters.

For
exam

ple,
for
a
dataset

of
1000

observations,
the

algorithm
s
take

less
than

10
m
inutes.

Jum
ps,

w
hile

significantly
com

plicating
the

observed
distributions,

pose
no
real

problem
s

for
sequential

estim
ation

of
the

jum
p
param

eters
despite

their
rare

nature.
O
nce

a
jum

p

arrives,
both

algorithm
s
update

the
posteriors

for
the

jum
p
intensity,

jum
p
m
ean

and

jum
p
variance.

U
nlike

P
olson,

Stroud,
and

M
uller

(2003)
w
ho
find

problem
s
estim

ating

the
volatility

ofstochastic
volatility

for
both

the
particle

and
practicalfiltering

approaches,

w
e
do
not

find
any

problem
s
estim

ating
jum

p
param

eters.
T
hus,any

problem
s
they

identify

are
likely

specific
to
the

log-stochastic
volatility

m
odel,and

not
neccessarily

generalproblem

w
ith
the

algorithm
s.
C
om
paring

across
approaches,

the
practical

filter
perform

m
arginally

better,
in
that

the
posterior

distribution
of
the

param
eters

m
ore

effi
ciently

adapts
to
the

arrival
of
new

inform
ation.

T
o
understand

how
agents

w
ould

sequentially
learn

param
eters

in
a
practical

setting,

w
e
apply

the
algorithm

s
to
real

data
using

historical
S&
P
500

index
returns.

R
eal

data

exam
ples

are
of
particular

interest
as
they

provide
insights

regarding
how

the
algorithm

s

handle
m
odel

m
isspecification,

as
the

sim
ple

m
odels

w
e
consider

are
likely

m
isspecified.

In
this

realistic
setting,

the
algorithm

s
are

again
com

putationally
attractive,

providing

sequential
estim

ates
of
param

eters
and

states
using

alm
ost

20
years

of
daily

index
returns

in
16
m
inutes.

B
ased

on
the

S&
P
500

sam
ple,

w
e
find

that
there

is
substantial

variation
over

tim
e

in
the

param
eter

posterior
distributions.

For
exam

ple,
the

jum
p
intensities

and
jum

p
size

volatility
m
ore

than
double

over
the

sam
ple

and
the

m
ean

jum
p
sizes

vary
from

about

zero
to
less

than
m
inus

4
percent.

T
he
changes

are
not

m
onotonic,

especially
in
the

jum
p

param
eters.

E
stim

ated
jum

p
param

eters
drastically

change
after

events
such

as
the

C
rash

of
1987

and
both

algorithm
s
quickly

adapt
to
new

inform
ation.

T
he
particle

filter
provides

slightly
m
ore

reliable
inference

(in
a
sense

m
ade

precise
below

)
than

the
practicle

filter

4



using
real

data.

F
inally,w

e
use

our
em
piricalresults

to
analyze

the
im
plications

ofsequentialparam
eter

learning
on
option

prices.
A
s
noted

by
B
ates

(1991),
R
ubinstein

(1994),
and

others,
there

is
a
lot
of
tim
e-variation

in
the

im
plied

volatility
sm
ile
of
index

options.
T
his
could

be
due

to
tim
e-varying

jum
p-risk

prem
ia
(P
an
2002

or
Santa-C

lara
and

Y
an
2005)

or
other

factors.

W
hen

view
ed
through

standard
jum

p
m
odels

such
as
M
erton

(1976),the
data

indicate
that

agent’s
view

s
of
the

probability
of
large

jum
ps
change

substantially
over

tim
e,
especially

around
the

crash
of
1987.

B
enzoni,

C
ollin-D

ufresne,
and

G
oldstein

(2005)
em
bed

this

learning
in
an
equilibrium

consum
ption

based
m
odel.

P
an,

L
iu
and

W
ang

(2004)
argue

that
there

is
substantial

uncertainty
over

jum
p
param

eters
and

investors
m
ay
robustly

price
options

as
a
w
ay
of
dealing

w
ith

the
uncertainty

surrounding
the

jum
p
param

eters.

O
ur
sequential

param
eter

estim
ates

allow
us
to
evaluate

these
issues

from
the

perspective

ofa
B
ayesian

investor
w
ho
optim

ally
learns

about
the

param
eters

and
states

over
tim
e.
W
e

find
that

sequential
learning

has
a
m
ajor

im
pact

on
option

prices,
w
ith

im
plied

volatility

sm
iles

changing
drastically

over
tim
e.
T
hus,

sequential
learning

alone
can

quantitatively

explain
som

e
of
the

m
ajor

m
oves

of
the

im
plied

volatility
sm
ile
over

tim
e.

O
ur
approach

builds
on
a
num

ber
of
recent

papers
that

develop
m
ethods

for
sequential

param
eter

inference.
If
the

param
eters

are
know

n,
the

particle
filter

(G
ordon,

Salm
ond,

and
Sm
ith
1993)

and
its
extensions

(C
arpenter,

C
lifford

and
Fearnhead

1999
and

P
itt
and

Shephard
1999)

are
w
ell
suited

for
estim

ating
latent

states
in
a
w
ide-range

of
m
odels.

Jo-

hannes,
P
olson,

and
Stroud

(2002)
develop

a
sequential

learning
algorithm

based
on
the

practical
filter

(see
P
olson,

Stroud
and

M
uller

2003
for

the
details

and
C
lapp

and
G
odsill

2000
for
a
related

particle
filtering

algorithm
).
Storvik

(2002)
uses

particle
filtering

m
eth-

ods
for

sequential
learning

using
suffi

cient
statistics.

C
arpenter,

C
lifford,

and
Fearnhead

(1999),
L
iu
and

W
est

(2000),
K
itagaw

a
and

Sato
(2001),

M
arihno

and
L
opes

(2002),
and

D
oucet

and
T
adic

(2003)
provide

related
particle

filtering
results.

O
ther

approaches
include

C
hopin

(2002)
for
static

m
odels,and

G
ilks

and
B
erziuni(2001)

and
Fearnhead

(2002)
w
ho

use
particle

filtering
and

M
C
M
C
m
ethods

together
w
ith

a
suffi

cient
statistic

structure
for

5



sequential
param

eter
learning.

2
E
stim

atin
g
S
toch

astic
V
olatility

M
od
els

w
ith

Ju
m
p
s

Since
the

introduction
ofstochastic

volatility
m
odels

(R
osenberg

(1972)
and

T
aylor

(1982)),

a
num

ber
of
different

estim
ation

m
ethods

have
been

developed.
P
opular

m
ethods

for
es-

tim
ating

either
discrete

or
continuous-tim

e
m
odels

include
M
C
M
C
(Jacquier,

P
olson,

and

R
ossi(1994),K

im
,Shephard,and

C
hib

(1998),E
lerian,Shephard,and

C
hib

(2001),E
raker

(2001),
R
oberts

and
Stram

er
(2001),

E
raker,

Johannes,
and

P
olson

(2003),
and

Jacquier,

P
olson,

and
R
ossi

(2004)),
sim
ulated

m
axim

um
likelihood

(D
anielsson

(1994),
P
edersen

(1995),B
randt

and
Santa-C

lara
(2002),D

urham
and

G
allant

(2002),and
P
iazzesi(2004)),

and
sim
ulated

m
ethods

of
m
om
ents

(D
uffi
e
and

Singleton
(1993),

G
allant

and
T
auchen

(1996),G
allant,H

sieh,and
T
auchen

(1997),and
A
ndersen,B

enzoni,and
L
und

(2001),and

C
hernov,

G
hysels,

G
allant

and
T
auchen

(2003)).

W
e
consider

sequential
inference

in
the

context
the

standard
log-stochastic

volatility

m
odel,

augm
ented

to
include

jum
ps
in
prices.

In
this

m
odel,

if
w
e
let

P
t
denote

the
prices,

√
V
t ,
the

volatility,
and

Y
t+
1
=
log
(P

t+
1 /P

t )
the

continuously-com
pounded

returns,
then

the
m
odel

is
given

by
the

difference
equations

Y
t+
1
= p

V
t+
1 ε

t+
1
+
J
t+
1 Z

t+
1

log(V
t+
1 )
=
α
v
+
β
v
log(V

t )
+
σ
v η

t+
1

w
here

P
(J

t
=
1)
=

λ,
Z
t ∼

N
(μ

z ,σ
2z ),
and

ε
t
and

η
t
are

i.i.d.
standard

norm
al
variables.

T
he
m
odel

w
ithout

jum
ps
(J

t
=
0
for
all

t)
is
the

benchm
ark

stochastic
volatility,

but
the

aforem
entioned

recent
research

indicates
that

the
m
odel

w
ithout

jum
ps
is
m
isspecified,

at

least
for

equity
indices,

as
it
cannot

generate
large

negative
m
ovem

ents.
Sim

ilar
evidence

using
related

m
odels

and
option

prices
is
in
B
akshi,C

ao
and

C
hen

(1997),B
ates

(2000)
and

P
an
(2002).

For
later

use
w
e
define

Θ
=
(λ
,μ

z ,σ
z ,α

v ,β
v ,σ

v )
as
the

param
eter

vector,
let

ψ
=
(α

v ,β
v )
the

volatility
m
ean

reversion
param

eters,and
X

t
=
log
(V

t )
the

log
volatilities.
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G
iven

a
tim
e
series

ofobservations,
Y
1
,T
=
(Y
1 ,..,Y

T
),the

usualestim
ation

problem
is
to

estim
ate

the
param

eters,
Θ
,and

the
unobserved

states,
L
1
,T ,from

the
observed

data.
In
our

case,
the

latent
variables

include
the

volatility
states,

the
jum

p
tim
es,
and

the
jum

p
sizes,

thus
L
1
,T
=
[J
1
,T
,Z

1
,T
,X

1
,T
].
In
a
B
ayesian

setting,
this

inform
ation

is
sum

m
arized

by
the

posterior
distribution,

p
(Θ

,L
1
,T |Y

1
,T
)
.Sam

ples
from

this
distribution

are
usually

obtained

via
M
C
M
C
m
ethods

by
iteratively

sam
pling

from
the

com
plete

conditional
distributions,

p
(L

1
,T |Θ

,Y
1
,T
)
and

p
(Θ
|L
1
,T
,Y
1
,T
).
From

these
sam

ples,
it
is
straightforw

ard
to
obtain

sm
oothed

estim
ates

of
the

param
eters

and
states.

For
exam

ple,the
posterior

m
ean

for
the

param
eters

and
state

variables
asE

[Θ
|Y
1
,T
]≈

1G

G
Xg
=
1

Θ
(g
)

and

E
[L

t |Y
1
,T
]≈

1G

G
Xg
=
1

L
(g
)

t

w
here

G
is
the

num
ber

of
sam

ples
generated

in
the

M
C
M
C
algorithm

,
Θ
(g
)
is
the

g
th

param
eter

draw
and

L
(g
)

t
is
g
th
draw

of
the

latent
state

vector.

It
is
im
portant

to
recognize

the
sm
oothed

nature
of
these

estim
ators.

W
hen

estim
ating

volatility,
for
exam

ple,
the

estim
ator

uses
the

inform
ation

em
bedded

in
the

entire
sam

ple.

A
s
volatility

is
persistent,

it
is
clear

that
both

future
and

past
inform

ation
is
inform

ative

about
V
t .
For

practicalapplications,how
ever,researchers

do
not

have
the

luxury
ofw

aiting

to
receive

tom
orrow

’s
data

to
estim

ate
today’s

volatility.
T
hey

m
ust

estim
ate

the
volatility

based
only

currently
available

inform
ation.

T
his

sequential
learning

problem
is
solved

by
iteratively

com
puting

p
(Θ

,L
t |Y

1
,t )
for

t
=
1,...,T

.
T
his
is
the

online
or
real-tim

e
estim

ation
procedure

and
w
e
stress

that
m
ethods

m
ust

be
able

to
com

pute
these

distributions
in
practice

and
not

only
in
theory.

For
exam

ple,

in
theory

one
could

estim
ate

this
density

as
a
m
arginalfrom

p
(Θ

,L
1
,t |Y

1
,t )
,w
hich,in

turn,

can
be
com

puted
by
repeatedly

applying
standard

M
C
M
C
algorithm

s.
H
ow
ever,

for
large

t,a
M
C
M
C
algorithm

,effi
ciently

program
m
ed,m

ight
take

a
couple

ofm
inutes

to
com

pute.

7



R
epeating

this
thousands

of
tim
es
for

large
daily

data
sets

is
clearly

not
com

putationally

feasible.

T
he
tw
o
algorithm

s
that

w
e
consider,

the
practical

and
particle

filter,
approxim

ate

the
true

posterior
density,

p
(Θ

,L
t |Y

1
,t ).

T
he
particle

filter
approxim

ates
this

density
via

a

discretization
w
hereby

the
distribution

of
(Θ

,L
t )
is
approxim

ated
by
a
finite

set
ofparticles.

T
he
practical

filter,
on
the

other
hand,

approxim
ates

a
conditional

density
in
the

M
C
M
C

algorithm
,
effectively

lim
iting

the
influence

that
observations

in
the

distant
past

can
have

regarding
the

current
state.

For
the

M
C
M
C
algorithm

,it
is
im
portant

to
use

effi
cient

sam
pling

schem
es
for
the

latent

state
variables.

Follow
ing

K
im
,
Shephard,

and
C
hib

(1998)
w
e
approxim

ate
the

m
odel

by

assum
ing

that
the

distribution
of
log
[(Y

t −
J
t Z

t )
2]
is
a
m
ixture

of
norm

als.
T
his

redefines

the
m
odel,

how
ever,

the
approxim

ation
error

is
typically

sm
all. 2

T
he
m
ixture

indicators

are
I
t
and

(m
∗i ,v

∗i ,π
∗i )
for

i
=
1,...,7

are
the

m
ixture

param
eters.

D
efine

the
collection

of
observations

by
Y
1
,t
=
(Y
1 ,...,Y

t )
and

w
e
collect

the
latent

variables
in
sim
ilar

vectors,

V
1
,t ,

X
1
,t ,

J
1
,t ,

Z
1
,t ,
and

I
1
,t .
G
iven

this
notation,

the
joint

posterior
for

the
states

and

param
eters

is

p(J
1
,t ,Z

1
,t ,X

0
,t ,Θ

|Y
1
,t )∝

t
Yτ
=
1

p(Y
τ |J

τ ,Z
τ ,X

τ )
p(J

τ |Θ
)
p(Z

τ |Θ
)
p(X

τ |X
τ−
1 ,Θ

)
p(Θ

).

w
here

p
(Θ
)
is
the

prior
distribution

of
the

param
eters.

For
reference,

recall
the

m
odel

specification:

Y
t+
1
= p

V
t+
1 ε

t+
1
+
J
t+
1 Z

t+
1

log(V
t+
1 )
=
α
v
+
β
v
log(V

t )
+
σ
v η

t+
1 ,

w
here

P
(J

t
=
1)
=
λ,

Z
t ∼

N
(μ

z ,σ
2z ),
and

ε
t
and

η
t
are

i.i.d.
standard

norm
al
variables.

W
e
assum

e
the

follow
ing

conjugate
priors

for
the

param
eters:

λ
∼
B
eta
(S
0 ,F

0 ),(μ
z ,σ

2z )∼
N
(μ

z |m
0 ,k

−
1

0
σ
2z )
IG
(σ
2z |a

0 ,b
0 ),
and

(ψ
,σ

2v )∼
N
(ψ|ψ

0 ,Ψ
−
1

0
σ
2v )IG

(σ
2v |c

0 ,d
0 )
w
here

IG
de-

2O
m
ori,C

hib,Shephard
and

N
akajim

a
(2004)

develop
m
ore

accurate,higher
order

approxim
ations,and

extend
the

algorithm
to
incorp

orate
a
leverage

eff
ect.8



notes
the

inverse
G
am
m
a
distribution.

G
iven

the
conjugate

priors,the
com

plete
param

eter

posterior
conditionals

are

p(λ|...)
∝

B
eta
(S

t ,F
t )

p(μ
z ,σ

2z |...)
∝
N
(μ

z |m
t ,k

−
1

t
σ
2z )IG

(σ
2z |a

t ,b
t )

p(ψ
,σ

2v |...)
∝
N
(ψ|ψ

t ,Ψ
−
1

t
σ
2v )IG

(σ
2v |c

t ,d
t )

w
here

for
notational

sim
plicity

p(y|...)
refers

to
the

conditional
distribution

of
y
given

all

other
relevant

variables.
For

the
latent

variables,

p(J
t |...)

∝
B
er(λ

t )

p(Z
t |...)

∝
N
(μ

z
,t ,σ

2z
,t )

p(X
0
,t |...)

∝
(N
ot
recognizable)

p(I
t |...)

∝
M
u
lt(π

∗1,t ,...,π
∗7,t ).

T
he
distribution

p(X
0
,t |...)

is
not

a
know

n
distribution.

W
e
approxim

ate
this

distribution

using
the

K
im
,
Shephard,

and
C
hib

(1998)
approxim

ation
and

sam
ple

from
it
using

the

forw
ard-filtering,

backw
ard-sam

pling
(F
F
B
S)
algorithm

,
see

Johannes
and

P
olson

(2004)

for
a
description

of
the

details.
T
he
param

eters
indexing

the
state

variable
posteriors

are

λ
t
=

λN
(Y

t |μ
z ,V

t
+
σ
2z )

λN
(Y

t |μ
z ,V

t
+
σ
2z )
+
(1−

λ
)N
(Y

t |0,V
t )

μ
z
,t
=
σ
2z
,t ¡(σ

2z ) −
1μ

z
+
J
t Y

t V
−
1

t ¢
,
σ
2z
,t
= ¡(σ

2z ) −
1
+
J
t V
−
1

t ¢−
1

Y
∗t
=
X

t
+
m
∗I
t
+ p

v
∗I
t � ∗t

π
∗t,i
=

π
∗i N

(Y
∗t |X

t
+
m
∗i ,v

∗i )
P

7j=
1
π
∗j N ¡Y

∗t |X
t
+
m
∗j ,v

∗j ¢

9



and
the

param
eters

indexing
the

param
eter

posteriors
are

S
t
=
S
0
+
S
,
F
t
=
F
0
+
t−

S
,

a
t
=
a
0
+
S
t /2,

c
t
=
c
0
+
t/2,

m
t
=
k
−
1

t
(k
0 m

0
+

t
Xτ
=
1

J
τ Z

τ ),
k
t
=
k
0
+
S

b
t
=
b
0
+ Ã

k
0 m

20
+

t
Xτ
=
1

J
τ Z

2τ −
k
t m

2t !
/2

ψ
t
=
Ψ
−
1

t
(Ψ

0 ψ
0
+
H

T
X
),
Ψ
t
=
Ψ
0
+
H

T
H

d
t
=
d
0
+ ¡ψ

T0
Ψ
0 ψ

0
+
X

T
X
−
ψ
Tt
Ψ
t ψ

t ¢
/2

w
here

S
= P

tτ
=
1
J
τ
and

H
=
(H

1 ,...,H
t ), T

H
t
=
(1,X

t−
1 )

T
,
X
=

X
1
,t ,
and

Y
∗t
=

log
[(Y

t −
J
t Z

t )
2].

2.1
P
article

F
ilterin

g

P
article

filtering,
also

know
n
as
the

bootstrap
filter,

w
as
first

introduced
in
G
ordon,

Salm
ond,and

Sm
ith
(1993),w

ho
also

discussed
the

problem
of
sequentialparam

eter
learn-

ing.
W
e
refer

the
reader

to
the

edited
volum

e
by
D
oucet,

de
Freitas,

and
G
ordon

(2001)

for
a
detailed

discussion
of
the

historical
developm

ent
of
the

particle
filter,

convergence

theorem
s
and

potentialim
provem

ents.
A
lthough

w
e
do
not

describe
it
in
detail,

w
e
im
ple-

m
ent

a
variant

ofthe
particle

filter
due

to
P
itt
and

Shephard
(1999)

know
n
as
the

auxiliary

particle
filter

(A
P
F
)
and

our
description

follow
s
theirs

closely.

T
here

are
a
num

ber
of
densities

associated
w
ith

the
filtering

problem
:
p
(L

t |Y
1
,t )
is

the
filtering

density,
p
(L

t+
1 |Y

1
,t )
is
the

predictive
density,

p
(Y

t |L
t )
is
the

likelihood,
and

p
(L

t+
1 |L

t )
is
the

state
transition.

B
ayes

rule
links

the
predictive

and
filtering

densities

through
the

identity

p
(L

t+
1 |Y

1
,t+
1 )
=

p
(Y

t+
1 |L

t+
1 )
p
(L

t+
1 |Y

1
,t )

p
(Y

t+
1 |Y

1
,t )

10



w
here

p
(L

t+
1 |Y

1
,t )
= Z

p
(L

t+
1 |L

t )
p
(L

t |Y
1
,t )
d
L
t .

T
he
key

to
particle

filtering
is
an
approxim

ation
of
the

(continuous)
distribution

of

the
random

variable
L
t
conditional

on
Y
1
,t
by
a
discrete

probability
distribution,

that
is,

the
distribution

L
t |Y

1
,t
is
approxim

ated
by
a
set

of
particles, n

L
(i)
t o

Ni=
1 w
ith

probability

π
1t ,...,π

Nt
.
B
y
assum

ing
the

distribution
is
approxim

ated
w
ith

particles,
w
e
can

estim
ate

the
filtering

and
predictive

densities
via:

(p
N
refers

to
an
estim

ated
density)

p
N
(L

t |Y
1
,t )
=

N
Xi=
1

δ
L
(i)
t
π
it

p
N
(L

t+
1 |Y

0
,t )
=

N
Xi=
1

p ³
L
t+
1 |L

(i)
t ´

π
it ,

w
here

δ
is
the

D
irac

function.
A
s
the

num
ber

N
of
particles

increases,
the

accuracy
of
the

discrete
approxim

ation
to
the

continuous
random

variable
im
proves.

W
hen

com
bined

w
ith

the
conditional

likelihood,
the

filtering
density

at
tim
e
t
+
1
is
defined

via
the

recursion:

p
N
(L

t+
1 |Y

1
,t+
1 )∝

p
(Y

t+
1 |L

t+
1 )

N
Xi=
1

p ³
L
t+
1 |L

(i)
t ´

π
it .

A
s
pointed

out
in
G
ordon,

Salm
ond

and
Sm
ith

(1993),
the

particle
filter

only
requires

that
the

likelihood
function,

p
(Y

t+
1 |L

t+
1 ),
can

be
evaluated

and
the

states
can

be
sam

-

pled
from

their
conditional

distribution,
p
(L

t+
1 |L

t ).
G
iven

these
m
ild
requirem

ents,
the

particle
filter

applies
in
an
broad

class
of
m
odels,

including
nearly

all
state

space
m
odels

of
practical

interest.
T
he
key

to
the

particle
filtering

is
to
propagate

particles
w
ith

high

im
portance

w
eights

and
to
develop

an
effi
cient

algorithm
for
propagating

particles
forw

ard

from
tim
e
t
to
tim
e
t+
1.
In
practice,this

procedure
can

be
im
proved

for
m
any

applications

using
additional

sam
pling

m
ethods

such
as
those

introduced
in
C
arpenter,

C
lifford,

and

Fearnhead
(1999)

and
P
itt
and

Shephard
(1999).

W
e
extend

Storvik’s
(2002)

particle
filtering

algorithm
for

estim
ating

param
eters

and

states
by

incorporating
a
look-ahead

step
via

the
use

of
auxiliary

variables
as
in
P
itt

11



and
Shephard

(1999).
T
he
key

assum
ption

is
that

the
conditional

param
eter

posterior

distribution,
p
(Θ
|L
1
,t ,Y

1
,t ),

is
analytically

tractable
and

depends
on
the

observed
data

and
latent

variables
only

through
a
set

of
suffi

cient
statistics

w
hich

are
straightforw

ard
to

update.
For

exam
ple,in

a
jum

p
m
odel,conditionalon

the
latent

states,the
jum

p
intensity

posterior
depends

only
on
total

num
ber

of
jum

ps,
in
this

case
a
natural

suffi
cient

statistic.

If
w
e
denote

s
t+
1
=

S
(s

t ,L
t+
1 ,Y

t+
1 )
as
the

suffi
cient

statistic
w
hich

can
be
com

puted

using
the

previous
suffi

cient
statistic,

s
t ,
as
w
ell
as
the

new
prices

and
states,

the
particle

filtering
algorithm

consists
of
the

follow
ing

steps.
F
irst,

assum
e
a
particle

representation

of
the

joint
distribution,

(Θ
,L

t )∼
p
(Θ

,L
t |Y

1
,t ).

Second,
the

algorithm
then

draw
s

Θ
∼
p
(Θ
|s
t )
and

L
t+
1 ∼

p
(L

t+
1 |L

t ,Θ
)

and
then

finally
re-w

eights
(Θ

,L
t+
1 )
w
ith
w
eights

proportionalto
the

observation
equation,

p
(Y

t+
1 |L

t+
1 ,Θ

).
Form

ally,
the

general
algorithm

is:

1.
Initialization:

given
N
initialparticles

representing
the

latent
states,param

eters
and

suffi
cient

statistics, ³
Θ
(g
),L

(g
)

t ´
and ³

s
(g
)

t ´
,
and

let
ω
(g
)

t
be
the

associated
w
eights.

2.
Sequential

updating:
for
each

re-sam
pled

particle:

(a)
generate

Θ
(g
)∼

p ³
Θ
|s
(g
)

t ´
(b)

generate
L
(g
)

t+
1 ∼

p ³
L
t+
1 |L

(g
)

t
,Θ

(g
) ´

(c)
update

the
suffi

cient
statistics,

s
t+
1
=
S ³

s
(g
)

t
,L

(g
)

t+
1 ,Y

t+
1 ´

(d)
C
om
pute

updated
w
eights

w
it+
1
=
w
it ·p(Y

t |L
it+
1 ).

3.
R
esam

ple
the

particles ¡Θ
i,L

it+
1 ¢
w
ith

probabilities
proportional

to
w
it+
1 .

T
his

naive
algorithm

perform
ed
extrem

ely
poorly

on
real

data.
Intuitively,

the
reason

w
as

that
it
did

not
generate

enough
tail

draw
s
for

the
state

variables,
in
particular,

the
jum

p

sizes.
T
his
is
a
com

m
on
problem

w
ith
naive

particle
filters

and
to
correct

this
shortcom

ing,

12



w
e
use

the
auxiliary

particle
filter

ofP
itt
and

Shephard
(1999)

betw
een

steps
1
and

2.
T
his,

to
a
large

extent,
rem

edied
any

problem
s
w
ith

outliers.

T
o
apply

particle
filtering

algorithm
from

above
to
the

jum
p
diffusion

m
odel,

w
e
need

to
specify

the
suffi

cient
statistics

w
hich

naturally
arise

in
the

conditional
posteriors.

For

com
pleteness,

w
e
provide

the
entire

algorithm
:

1.
For

i
=
1,...,N

:
initialize

s
i0
=
(S
0 ,F

0 ,m
0 ,k

0 ,a
0 ,b

0 ,ψ
0 ,Ψ

0 ,c
0 ,d

0 )
and

generate

X
i0 ∼

p(X
0 ).

2.
For

t
=
1,...,T

and
i
=
1,...,N

:

(a)
G
enerate

λ
i∼

p(λ|X
i0,t−

1 ,J
i0,t−

1 ,Z
i0,t−

1 ,Y
1
,t )
=
p(λ|s

it−
1 )

(b)
G
enerate

(μ
iz ,σ

iz )∼
p(μ

z ,σ
z |X

i0,t−
1 ,J

i0,t−
1 ,Z

i0,t−
1 ,Y

1
,t )
=
p(μ

z ,σ
z |s

it−
1 )

(c)
G
enerate

(ψ
i,σ

iv )∼
p(ψ

,σ
v |X

i0,t−
1 ,J

i0,t−
1 ,Z

i0,t−
1 ,Y

1
,t )
=
p(ψ

,σ
v |s

it−
1 )

(d)
G
enerate

J
it ∼

p(J
t |λ

i)

(e)
G
enerate

Z
it ∼

p(Z
t |μ

iz ,σ
iz )

(f)
G
enerate

X
it ∼

p(X
t |X

it−
1 ,ψ

i,σ
iv )

(g)
U
pdate

suffi
cient

statistics
s
it
=
s(s

it−
1 ,J

it ,Z
it ,X

it )

(h)
U
pdate

augm
ented

particles
X̃

it
=
(J

it ,Z
it ,X

it ,Θ
i,s

it )

(i)
C
om
pute

w
eights

w
it
=
w
it−
1 p(Y

t |J
it ,Z

it ,X
it ).

3.
R
esam

ple
particles

X̃
it
w
ith

probabilities
proportional

to
w
it .

2.2
P
ractical

F
ilterin

g
stoch

astic
volatility

m
od
els

w
ith

ju
m
p
s

T
o
understand

the
practicalfilter,w

e
first

describe
the

generic
M
C
M
C
algorithm

and
then

discuss
the

developm
ent

of
the

practical
filter

in
the

case
of
SV
J
m
odels.

C
onsider

the

13



follow
ing

M
C
M
C
algorithm

:
given

Θ
(g
)
and

L
(g
)

1
,t ,
draw

Θ
(g
+
1
)∼

p ³
Θ
|L
(g
)

1
,t ,Y

1
,t ´

L
(g
+
1
)

1
,t
∼
p ¡L

1
,t |Θ

(g
+
1
),Y

1
,t ¢

the
last

step
usually

consists
of
separately

draw
ing

jum
p
tim
es,

sizes
and

volatilities
in

blocks:

J
(g
+
1
)

1
,t
∼
p ³

J
1
,t |Θ

(g
+
1
),Z

(g
)

1
,t ,V

(g
)

1
,t
,Y
1
,t ´

Z
(g
+
1
)

1
,t
∼
p ³

Z
1
,t |Θ

(g
+
1
),V

(g
)

1
,t
,J

(g
+
1
)

1
,t

,Y
1
,t ´

V
(g
+
1
)

1
,t
∼
p ³

V
1
,t |Θ

(g
+
1
),Z

(g
+
1
)

1
,t

,J
(g
+
1
)

1
,t

,Y
1
,t ´
.

For
large

G
,
these

sam
ples

are
draw

s
from

p
(Θ

,V
1
,t ,Z

1
,t ,J

1
,t |Y

1
,t ).

T
he
practical

filter
relies

on
the

follow
ing

decom
position

of
the

joint
distribution

of

param
eters

and
states:

p
(Θ

,L
t |Y

1
,t )
= Z

p
(Θ

,L
t |L

1
,t−

k ,Y
1
,t )
p
(L

1
,t−

k |Y
1
,t )
d
L
1
,t−

k .

T
his
decom

position
show

s
that

the
filtering

distribution
is
a
m
ixture

of
the

lagged-filtering

distribution,
p
(L

1
,t−

k |Y
1
,t ),
and

p
(Θ

,L
t |L

1
,t−

k ,Y
1
,t ).

T
his

suggests
the

follow
ing

approxim
ate

filtering
algorithm

:

1.
Initialization:

for
g
=
1,...,G

,
set

Θ
(g
)
=

Θ
0
w
here

Θ
0
are

the
initial

values
of
the

chain.

2.
B
urn-in

(initial
sm
oothing

step):
for

t
=
1,...,t

0
and

for
g
=
1,...,G

,
sim
ulate

(Θ
,L

1
,k )∼

p
(Θ

,L
1
,k |Y

1
,t ).

Set ³
Θ
(g
), eL

(g
)

0
,t−

k ´
equal

to
the

last
im
puted ³

Θ
, eL

0
,t−

k ´
.

3.
Sequential

updating:
for

t
=
t
0
+
1,...,T

and
for

g
=
1,...,G

generate

L
t−

k
+
1
,t ∼

p ³
L
t−

k
+
1
,t |Θ

, eL
(g
)

0
,t−

k ,Y
t−

k
+
1
,t ´

Θ
∼
p ³

Θ
| eL
(g
)

0
,t−

k ,L
t−

k
+
1
,t ,Y

1
,t ´
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and
set ³

Θ
, eL

(g
)

t−
k
+
1 ´
equal

to
the

last
im
puted

(Θ
,L

t−
k
+
1 )
pair

and
leave eL

(g
)

t−
k
un-

changed.

T
here

are
three

separate
issues

that
effect

the
effi
ciency

and
accuracy

of
the

algorithm
.

F
irst,

as
k
increases,

the
algorithm

w
ill
uncover

the
true

density
as
the

approxim
ation

disappears.
H
ow
ever,

the
com

putational
costs

increase
w
ith

k
and

therefore
in
principle

one
w
ould

prefer,
if
possible

to
choose

a
sm
all

k.
Second,

for
each

tim
e
step

t,
w
e
need

to

m
ake

G
draw

s
from

posterior
and

therefore
G
m
ust

be
suffi

ciently
large.

It
is
im
portant

to

construct
an
effi
cient

algorithm
in
the

sense
that

it
converges

very
quickly

to
its
equilibrium

distribution.
T
hird,

at
each

stage,
it
is
helpfulif

the
draw

s
from

the
conditionalposteriors

are
exact,

that
is,
that

the
algorithm

uses
the

G
ibbs

sam
pler

rather
than

M
etropolis-

H
astings.

D
etails

of
th
e
algorith

m
For

com
pleteness,w

e
now

provide
the

details
ofthe

algorithm

for
the

stochastic
volatility

jum
p-diffusion

m
odel

given
above:

1.
For

g
=
1,...,G

,
generate

(Θ
(g
),X

(g
)

0
,1 ,J

(g
)

1
,Z

(g
)

1
)∼

p(Θ
,X

0
,1 ,J

1 ,Z
1 ).

2.
For

t
=
1,...,t

0
and

g
=
1,...,G

(a)
Set

Θ
0
=

Θ
(g
)
and

(J
01,t ,Z

01,t )
=
(0,0).

(b)
For

i
=
1,...,I:

i.
G
enerate

X
i0,t ∼

p(X
0
,t |J

i−
1

1
,t
,Z

i−
1

1
,t
,Θ

i−
1,Y

1
,t )

ii.
G
enerate

J
i1,t ∼

p(J
1
,t |X

i0,t ,Z
i−
1

1
,t
,Θ

i−
1,Y

1
,t )

iii.
G
enerate

Z
i1,t ∼

p(Z
1
,t |X

i0,t ,J
i1,t ,Θ

i−
1,Y

1
,t )

iv.
G
enerate

Θ
i∼

p(Θ
|X

i0,t ,J
i1,t ,Z

i1,t ,Y
1
,t )

(c)
Set

(Θ
(g
),X̃

(g
)

0
)
=
(Θ

I,X
I0 ).

3.
For

t
=
t
0
+
1,...,T

and
g
=
1,...,G
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(a)
For

g
=
1,...,G

,
set

Θ
0
=
Θ
(g
)
and

(J
0t−
k
+
1
,t ,Z

0t−
k
+
1
,t )
=
(0,0).

(b)
For

i
=
1,...,I

i.
G
enerate

X
it−
k
+
1
,t ∼

p(X
t−

k
+
1
,t |X̃

(g
)

t−
k ,J

i−
1

t−
k
+
1
,t ,Z

i−
1

t−
k
+
1
,t ,Θ

i−
1,Y

t−
k
+
1
,t )

ii.
G
enerate

J
it−
k
+
1
,t ∼

p(J
t−

k
+
1
,t |X

it−
k
+
1
,t ,Z

i−
1

t−
k
+
1
,t ,Θ

i−
1,Y

t−
k
+
1
,t )

iii.
G
enerate

Z
it−
k
+
1
,t ∼

p(Z
t−

k
+
1
,t |X

it−
k
+
1
,t ,J

it−
k
+
1
,t ,Θ

i−
1,Y

t−
k
+
1
,t )

iv.
G
enerate

Θ
i∼

p(Θ
|X̃

(g
)

0
,t−

k ,X
it−
k
+
1
,t ,J

it−
k
+
1
,t ,Z

it−
k
+
1
,t ,Y

1
,t )

(c)
Set

(Θ
(g
),X

(g
)

t−
k
+
1 )
=
(Θ

I,X
It−
k
+
1 ).

3
A
p
p
lication

s

In
this

section,
w
e
com

pare
the

perform
ance

of
these

tw
o
algorithm

s
using

sim
ulated

data

and
S&
P
500

index
data

from
1984

to
2000.

3.1
S
im
u
lated

d
ata

T
o
analyze

both
ofthe

algorithm
s’perform

ance,w
e
sim
ulated

1000
daily

observations
from

the
log-stochastic

volatility
w
ith

jum
ps
using

the
follow

ing
param

eter
values:

Jum
p
P
rocess:

λ
=
0.01,μ

z
=
−
0.04,σ

z
=
0.05

V
olatility

P
rocess:

α
v
=
0,β

v
=
0.99,σ

v
=
0.1.

T
hese

param
eters

are
roughly

consistent
w
ith
observed

equity
return

data,see,for
exam

ple,

Johannes,K
um
ar,and

P
olson

(1999)
and

A
ndersen,B

enzoni,and
L
und

(2002).
T
his
m
odel

w
illgenerate

rare
jum

ps
(about

2
per

year)
w
ith
sizes

that
are

consistent
w
ith
large

negative

equity
returns

such
as
those

in
1987

and
1997.

B
elow

,
w
e
w
ill
perform

som
e
sensitivity

analysis
below

by
varying

λ
to
provide

an
understanding

of
how

the
algorithm

s
perform

as

a
function

of
critical

param
eters.
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W
e
calibrated

the
algorithm

s
so
that

both
take

approxim
ately

the
sam

e
am
ount

of

com
puting

tim
e.
For

the
particle

filter,
w
e
chose

N
=
25,000.

In
the

case
of
the

practical

filter,
w
e
chose

the
com

binations
of

G
=
250,

I
=
10,

and
k
=
25
so
that

the
com

puting

tim
e
(about

6
m
inutes)

w
as
roughly

equal
to
that

of
the

particle
filter.

T
he
relative

com
-

putational
effi
ciency

of
the

algorithm
s
im
plies

that
in
practice,

one
could

likely
drastically

increase
N
,
G
,
I
and

k
to
obtain

m
ore

accurate
approxim

ations
to
the

posterior
w
hile

still

retaining
com

putationally
feasibly

algorithm
s.

Stroud,
P
olson

and
M
uller

(2004)
docum

ent
that

both
particle

and
practical

filtering

have
diffi

culties
sequentially

learning
the

volatility
ofvolatility

param
eter,

σ
v .
T
he
problem

they
docum

ent
is
purely

associated
w
ith

the
sequential

problem
,
as
m
any

other
authors

have
docum

ented
that

a
fullM

C
M
C
sm
oothing

approach
can

effi
ciently

estim
ate

this
para-

m
eter

(see
Jacquier,

P
olson,

and
R
ossi

(1994)
and

K
im
,
Shephard,

and
C
hib

(1998)).
T
he

sequential
problem

has
diffi

culties
w
ith

this
param

eter
for

the
follow

ing
reason.

A
s
new

data
arrives,

the
posterior

distribution
naturally

adapts.
H
ow
ever,

w
hen

very
inform

ative

(e.g.,
tail

)
observations

arrive,
in
principle

the
posterior

on
both

the
unknow

n
param

eter

and
the

entire
past

volatility
path

should
adapt

rapidly.
H
ow
ever,

due
to
the

sequential

nature
of
the

estim
ators,

past
volatility

paths
in
the

particle
filter

m
ight

not
be
represen-

tative
once

the
param

eters
are

updated.
For

exam
ple,

if
a
very

large
shock

occurs,
driven

by
high

volatility,
the

posterior
on

σ
v
places

higher
w
eights

on
higher

values.
H
ow
ever,

there
m
ay
be
very

few
high

V
t
particles

to
be
updated,causing

degeneracies
in
the

particle

filtering
algorithm

.
T
his
effect

is
also

present,although
to
a
som

ew
hat

lesser
degree,in

the

practical
filter.

H
ere,

the
practical

filter
can

update
k−
lags

of
volatility,

and
to
a
certain

extent
it
w
illavoid

or
at
least

dam
pen

the
degeneracies.

T
o
abstract

from
this

diffi
cult

and

unresolved
problem

,
w
e
fix

σ
v
at
its
true

value
throughout.

W
e
have

perform
ed
extensive

sensitivity
analysis

to
this

param
eter.

A
lthough

not
reported,

none
of
our

conclusions
are

affected
by
this

assum
ption.

O
ne
of
our

prim
ary

goals
is
to
see

if
these

degeneracies
occur

m
ore

generally
in
learning

param
eters

that
index

other
latent

variables,in
this

case,jum
ps.

T
hroughout,w

e
use

the
follow

ing
prior

param
eters:

S
0
=
1,
F
0
=
100,

k
0
=
2,
m
0
=
−
2,
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a
0
=
2.25,

b
0
=
25,and

Ψ
0
=
(0.001,0.99)

.T
hese

priors
are

loose,in
the

sense
that

the
prior

variance
is
alw
ays

large
relative

to
the

prior
m
ean.

For
the

jum
p
param

eters,
the

priors

im
pose

that
investors

assum
e
jum

ps
are

rare,occurring
about

one
percent

of
the

tim
e,but

the
prior

standard
deviation

is
also

one
percent,

allow
ing

for
substantial

uncertainty.
T
he

jum
p
m
ean

prior
is
m
inus

tw
o
percent

com
pared

to
m
inus

four
percent

for
the

sim
ulated

data.
Since

our
estim

ates
are

sequential,prior
uncertainty

can
be
evaluated

at
the

beginning

of
the

sam
ple

as
the

posterior
distribution,

w
ith

few
observations,

is
essentially

draw
ing

from
the

prior
distribution.

F
igures

1
and

2
display

the
sequential

posterior
sum

m
aries

for
a
representation

sim
-

ulation
for

the
particle

and
practical

filter,
respectively.

T
he
label

at
the

top
of
each

subplot
indicates

w
hich

state
variable

or
param

eter
posterior

is
being

sum
m
arized.

For
the

volatility
(annualized)

and
the

param
eters,

the
plots

contain
the

posterior
m
edian

and
the

(2.5,97.5)
percent

posterior
quantiles,

w
hile

the
plots

for
the

jum
p
tim
es
and

sizes
contain

the
true

jum
p
tim
es
or
sizes

(dots)
and

the
posterior

m
edian.

In
the

case
of
jum

p
tim
es,

the
plot

provides
the

posterior
probability

that
a
jum

p
occurred.

A
num

ber
of
points

em
erge.

F
irst,

both
algorithm

s
are

able
to
successfully

identify

nearly
allof

the
jum

ps.
T
he
only

jum
p
that

w
as
substantively

m
issed

w
as
at
data

point
40

and
w
as
about

-3.75
percent.

B
oth

algorithm
s
identified

a
sm
alljum

p,less
than

1
percent,

w
ith

20
percent

probability.
A
s
daily

volatility
w
as
m
ore

than
1
percent,

it
is
not

diffi
cult

for
the

m
odelto

generate
this

m
ove

w
ith
a
tw
o
to
three

standard
deviation

negative
shock

to
ε
t
and/or

a
sm
all
jum

p.
E
ssentially,

the
jum

p
w
as
too

sm
all
for
the

algorithm
to
detect

it.
It
is
im
portant

to
recognize

that
this

is
a
signal

to
noise

problem
,
and

is
shared

by

the
sm
oothing

problem
(see

Johannes,K
um
ar,and

P
olson

(1999)
for
a
related

discussion).

M
oreover,

the
param

eter
posteriors

for
the

jum
p
process

w
ere

not
very

inform
ative

at
this

early
stage

in
the

algorithm
,
and

thus
the

algorithm
w
as
not

able
to
identify

the
m
ove

as
a
jum

p.
N
ear

the
end

of
the

sam
ple,

there
is
a
jum

p
that

both
algorithm

s
identify

w
ith

high
probability,

although
both

algorithm
s
underestim

ate
the

size.
T
he
degree

of

agreem
ent

betw
een

the
practical

and
particle

filter
for

estim
ating

latent
jum

p
tim
es
and
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F
igure

1:
Sequential

particle
filtering

estim
ates

for
1000

sim
ulated

data
points

using
the

particle
filtering

algorithm
.
T
he
particle

filter
w
as
run

using
N
=
25,000

particles.
T
he

algorithm
took

6
m
inutes

to
run.
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F
igure

2:
Sequentialpracticalfilter

estim
ates

for
1000

sim
ulated

data
points.

T
he
practical

filter
w
as
run

w
ith

G
=
250,

I
=
10,

and
k
=
25.

T
he
algorithm

took
6
m
inutes

to
run.
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sizes
is
rem

arkable.

Second,
the

jum
p
param

eter
posteriors

appear
to
be
collapsing

nicely
to
their

true

values,
for

both
algorithm

s.
From

both
figures,

it
is
clear

that
w
e
assum

e
relatively

unin-

form
ative

priors,for
exam

ple,for
the

jum
p
m
ean

the
(2.5,97.5)

percent
confidence

band
is

roughly
(7,
-11)

percent.
T
he
figures

show
that

the
param

eter
posteriors

rapidly
update,

m
oving

tow
ard

the
true

param
eter

values.
For

exam
ple,

at
approxim

ately
data

point
250

a
large

jum
p,
about

-8
percent,

arrived
that

w
as
correctly

identified
by
the

algorithm
.
A
t

the
sam

e
tim
e,
the

posterior
m
eans

for
the

jum
p
m
ean,

the
jum

p
variance,

and
the

jum
p

intensity
all
decreased

w
ith

the
posterior

variances
falling

also.
E
ven

though
jum

ps
are

rare
as
the

jum
p
intensity

is
one

percent,
the

algorithm
s
are

able
to
accurately

estim
ate

the
param

eters
even

w
ith

the
relatively

short
tim
e
series.

T
hird,note

that
the

estim
ates

of
the

jum
p
intensity

increase
sharply

upon
the

arrivala

jum
p,
and

then
decrease

over
tim
e,
until

the
next

jum
p
arrives.

T
his

non-m
onotonicity

is

exactly
w
hat

one
w
ould

expect.
T
o
see

this,
consider

the
case

of
a
continuous

observation

on
a
P
oisson

process,
N

t ,
w
ith

constant
intensity

λ.
T
he
usual

estim
ator

of
the

intensity

at
tim
e
t, bλ

t ,
is
just

bλ
t
=
E
[λ|N

t ]
=

N
t

t
.

Since
N

t
is
constant

betw
een

jum
p
tim
es,
the

estim
ates

of
λ
w
ill
decrease

betw
een

jum
p

tim
es
and

increase
discontinuously

at
a
jum

p
tim
e.
R
egarding

the
volatility

process
para-

m
eters,

α
v
and

β
v ,are

estim
ated

reasonably
w
ell.

T
he
speed

ofm
ean

reversion
is
accurately

estim
ated

and
the

estim
ates

of
α
v
are

slightly
dow

nw
ard

biased,
as
is
com

m
on
w
ith

likeli-

hood
based

estim
ates

of
stochastic

volatility
m
ean

reversion
param

eters.

Fourth,
a
com

parison
of
the

posteriors
for
the

tw
o
algorithm

s
reveals

that
the

particle

filter
occasionally

has
“spikes.”

For
exam

ple,
for

σ
z
there

is
large

spike
in
the

97.5
percent

upper
band

around
data

point
250

w
hich

is
quickly

reversed.
T
his

is
not

a
surprise

as

it
is
com

m
on
for

particle
filtering

algorithm
s
to
degenerate

or
im
poverish,

in
the

sense

that
a
sm
all
num

ber
of
particles

receive
very

large
w
eights.

W
hile

potentially
w
orrisom

e,
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the
algorithm

does
recover

quickly,
as
probability

is
m
ore

evenly
distributed

across
the

particles.
T
here

are
also

observed
spikes

in
the

posteriors
for

the
other

jum
p
param

eters,

μ
z
and

λ.
T
he
spikes

are
not

seen
in
the

practical
filtering

algorithm
.
Stroud,

P
olson

and

M
uller

(2004)
found

sim
ilar

results
for
a
pure

SV
m
odel.

In
order

to
provide

som
e
sensitivity

analysis,
F
igure

3
com

pares
the

perform
ance

of

the
particle

and
practical

filter
for

the
sequential

learning
of

λ,
for

three
different

jum
p

intensities,
λ
=
0.01,

0.05,
and

0.10,
again

holding
the

com
putational

tim
e
equal.

O
verall,

the
algorithm

s
are

able
to
correctly

estim
ate

the
posterior

m
ean,although

the
bands

differ

for
the

particle
and

practical.
T
he
left

hand
panels

should
that

the
posterior

bands
for

λ
using

the
particle

filter
again

have
som

e
spikes.

Som
e
of
these

m
oves

are
transient

and

are
quickly

reversed,
w
hile

others
are

rapid
m
oves

to
a
new

region
of
the

param
eter

space.

A
gain,

notice
also

that
the

practical
filter

has
few
er
spikes.

G
iven

this,w
e
further

investigate
how

varying
λ
effects

the
param

eter
posteriors

for
β
v ,

μ
z
and

σ
z ,
using

the
practical

filter
in
F
igure

4.
T
he
top

panel
has

λ
=
0.01,

the
m
iddle

panel
λ
=
0.05,

and
the

bottom
panel

λ
=
0.10.

T
his

figure
show

s
that

the
posterior

estim
ates

of
β
v
are

relatively
insensitive

to
variation

λ.
O
n
the

other
hand,

as
λ
increases,

m
ore

jum
ps
arrive

and
the

posteriors
for

μ
z
and

σ
z
m
ore

quickly
converge

to
their

true

values.
W
e
have

also
perform

ed
extensive

sim
ulations

docum
enting

the
sensitivity

of
the

algorithm
to
variations

in
β
v ,
μ
z
and

σ
z .
In
generalthe

results
are

sim
ilar

and
are

therefore

not
reported.

For
exam

ple,
the

sm
aller

the
jum

p
sizes

(as
m
easured

by
μ
z
and/or

σ
z ),
the

m
ore

diffi
cult

it
is
to
identify

these
param

eters.
T
his

is
not

specific
to
sequential

inference

or
our

algorithm
s,but

rather
is
a
generalproperty

ofB
ayesian

inference
w
hich

occurs
w
hen

the
signalis

reduced
relative

to
the

noise.
W
e
conclude

from
this

that
both

algorithm
s
are

able
to
accurately

sequentially
learn

the
param

eters
and

states.
W
hile

the
particle

filter

can
have

som
e
spikes

in
the

sequential
posteriors,

the
im
pact

on
the

overall
effi
cacy

of
the

algorithm
is
not

substantial.
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F
igure

3:
Sequential

estim
ates

for
λ
in
the

particle
and

practical
filtering

algorithm
for

three
different

jum
p
intensities:

λ
=
0.01

(low
intensity);

λ
=
0.05

(m
oderate

intensity);

and
λ
=
0.10

(high
intensity).
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F
igure

4:
Sequentialparam

eters
estim

ates
using

the
practicalfilter

for
β
v ,
μ
z ,
σ
z
and

λ
for

a
low
,
m
oderate,

and
high

jum
p
intensity.
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3.2
S
&
P
500

In
this

section,
w
e
consider

sequential
learning

using
daily

S&
P
500

index
returns

from

January
1984

to
January

2002.
W
e
are

prim
arily

interested
in
how

investor’s
learn

about

the
param

eters
and

state
variables

of
the

jum
p
process,but

the
S&
P
data

set
also

offers
an

additionalchallenge
for
the

algorithm
s
as
it
is
roughly

four
tim
es
as
large

as
the

sim
ulated

data.
If
there

are
degeneracies

in
the

algorithm
s,
w
e
are

likely
to
see

them
m
ore

clearly
in

the
longer

tim
e
series.

A
s
in
the

previous
case,

w
e
set

σ
v
=
0.10

and
sequentially

learned

the
other

param
eters. 3

For
the

particle
filter,w

e
used

N
=
10,000

and
the

sam
e
values

for

the
practical

filter
reported

earlier.
B
oth

algorithm
s
took

about
16
m
inutes

of
com

puting

tim
e.F
igures

5,
6,
7,
8,
and

9
sum

m
arize

the
results:

F
igure

5
com

pares
the

latent
state

variable
estim

ates;
F
igures

6
and

7
sum

m
arize

the
sequential

param
eter

posteriors
for
the

stochastic
volatility

and
jum

p
param

eters,
respectively;

and
F
igures

8
and

9
analyze

the

crash
of
1987

in
detail,

com
paring

the
practical

and
particle

filtering
estim

ates
w
ith

the

true
posteriors,

as
com

puted
via

full
M
C
M
C
estim

ation.
W
e
w
ill
discuss

the
results

in
the

order
they

are
displayed

in
the

figures.

F
igure

5
com

pares
the

sequentialestim
ates

ofthe
state

variables
for
the

tw
o
approaches.

For
the

volatility
state,

w
e
report

(2.5,
50,

97.5)
percent

quantiles
and

for
the

jum
p
tim
es

and
sizes,

w
e
report

the
posterior

m
edians.

For
all
of
the

param
eters,

the
state

posteriors

are
sim
ilar.

Focussing
on
the

jum
p
tim
es,

both
algorithm

s
identify

the
sam

e
jum

p
size

(about
22
percent)

on
O
ctober

19,1987,the
date

ofthe
stock

m
arket

crash.
It
is
som

ew
hat

surprising
that

both
algorithm

s
can

identify
this

m
ove

as
a
jum

p,
as
it
appears

to
be
an

outlier. 4
P
rior

to
the

crash,
both

algorithm
s
(see

F
igure

7)
estim

ated
that

jum
p
sizes

w
ere

3T
he
jum

p
param

eter
estim

ates
are

not
particularly

sensitive
to
this

param
eters,

although
α
v
and

β
v

are
m
ore

sensitive
to
this

param
eter.

4A
lthough

not
rep
orted,

an
im
plem

entation
of
the

particle
filtering

algorithm
w
ithout

using
auxiliary

variables
resulted

in
substantially

diff
erent

jum
p
estim

ates.
T
he
particle

filter
w
ithout

extensions
does

not

identify
the

crash
as
a
large

m
ovem

ent
as
a
jum

p
b
ecause

w
hen

the
algorithm

propagates
particles

forw
ard
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relatively
sm
all(μ

z ≈
−
1.5

and
σ
z
=
3).For

both
m
ethods,how

ever,there
w
as
substantial

posterior
uncertainty

in
these

param
eters

so
that

sim
ulations

of
jum

p
sizes,

taking
into

account
param

eter
uncertainty,

resulted
in
large

negative
draw

s
for

the
jum

p
sizes.

For

exam
ple,

for
μ
z
and

σ
z
the

confidence
bands

w
ere

roughly
(−
5,
3)
and

(2.5,
7)
percent,

respectively.

F
igures

6
and

7
provide

the
sequential

param
eter

estim
ates

for
the

fixed
param

eters

indexing
the

volatility
and

jum
p
process.

F
igure

6
show

s
that

the
posteriors

for
(α

v ,β
v )

are
quite

sim
ilar,although

there
are

som
e
differences

early
in
the

tim
e
series.

T
he
quantile

bands
for

the
particle

filter
are

m
uch

w
ider

in
the

beginning
of
the

sam
ple

and
there

are

som
e
spikes,

sim
ilar

to
the

pure
sim
ulation

experim
ents,

w
hich

are
later

reversed.
O
verall,

there
are

not
any

substantialstatistically
significant

differences
in
the

sequentialestim
ates

for
the

volatility
param

eters.

T
he
story

is
som

ew
hat

different
for

λ,
μ
z
and

σ
z
w
here

there
are

m
ore

substantive

differences.
A
gain,the

particle
filter

has
a
num

ber
ofshort-lived

spikes
and

for
λ,the

upper

97.5
th
quantile

is
m
uch

higher
than

for
the

practical
filter.

T
his

is
rapidly

revised
dow

n

after
the

C
rash

of1987.
P
rior

to
the

crash,there
w
as
effectively

one
statistically

significant

jum
p
identified,so

it
is
not

surprising
that

the
algorithm

s
have

different
extrem

e
quantiles

given
the

substantial
posterior

uncertainty.
T
ow
ards

the
end

of
the

sam
ple,

the
estim

ates

of
μ
z
are

m
uch

higher
for
the

practicalfilter,w
ith
the

upper
quantile,w

ellabove
zero,w

hile

the
upper

quantile
is
negative

for
the

particle
filter.

For
σ
z ,
the

practical
filter

posterior
is

shifted
w
ell
above

the
particle

filter
posterior,

especially
at
the

end
of
the

sam
ple,

w
here

the
practical

filter
posterior

is
one

to
tw
o
percent

higher
than

the
particle

filter
posterior.

B
y
inspection,

the
practical

filtering
posterior

for
λ
is
som

ew
hat

below
that

of
the

particle

filtering
approach.

it
sim
ulates

very
few

extrem
ely

large
jum

ps.
A
s
p
ointed

out
by
P
itt
and

Shephard
(1999)

particle
filtering

algorithm
s
can

have
severe

diffi
culties

dealing
w
ith

outliers.
D
ue
to
the

sequential
nature

of
the

particle

filter,
this

m
isestim

ation
has

a
residual

aff
ect

in
the

algorithm
as
the

sequential
param

eter
estim

ates
for

the
jum

p
param

eters
w
ere

also
substantially

diff
erent.
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G
iven

the
differences,the

obvious
question

to
ask

is
w
hich

one
algorithm

gets
the

right

answ
er?

T
o
evaluate

this,
w
e
com

pare
the

posterior
distributions

generated
by
fullM

C
M
C

w
ith

those
from

the
approxim

ate
filtering

m
ethods.

T
hat

is,
w
e
characterize

the
"true"

posterior
using

full-blow
n
M
C
M
C
estim

ation
and

then
com

pare
these

posteriors
w
ith
those

obtained
from

the
practicaland

particle
approaches.

W
e
perform

tw
o
com

parisons,in
order

to
conserve

space.
F
irst,w

e
com

pare
the

m
arginalparam

eter
and

state
posteriors

after
the

C
rash

of
1987

and
at
the

end
of
the

sam
ple.

F
igures

8
and

9
com

pare
the

posteriors
after

the
C
rash

and
T
able

1
reports

posterior
sum

m
aries

at
the

end
of
the

sam
ple.

In
F
igures

8
and

9,
the

posterior
from

full
M
C
M
C
is
given

by
the

sm
ooth

line
and

the

histogram
gives

the
estim

ated
posterior

using
practicalor

particle
m
ethods.

A
com

parison

of
the

left-hand
panels

reveals
that

w
hile

p
(Z

t |Y
t )
are

sim
ilar

across
m
ethods,

p
(V

t |Y
t )
for

the
particle

filter
is
m
ore

accurate
than

that
of
the

practical
filter.

Sim
ilarly,

the
practical

filter
is
clearly

m
ore

accurate
than

the
particle

for
p
(a

v |Y
t )
and

p
(β

v |Y
t ).
In
the

case
ofthe

practical
filter,

the
posteriors

for
both

of
these

param
eters

are
substantially

shifted
to
the

right.
For

μ
z
and

σ
z ,
the

posteriors
are

sim
ilar

in
location,

but
the

particle
filter

generates

m
ore

tail
m
ass

than
the

practical
filter.

F
inally,

T
able

1
com

pares
the

posterior
m
eans

and
standard

deviations
for

all
of
the

state
variables

and
param

eters.
In
every

case,
the

particle
filter

provides
m
ore

accurate

inference,although
the

differences
are

often
not

significant
in
the

sense
that

the
approxim

ate

posterior
m
eans

are
close

(relative
to
the

standard
deviation)

to
the

true
posterior

m
eans.

T
he
differences

are
greatest

for
the

jum
p
param

eters.
W
e
conclude

from
this

that
on
real

data,w
here

m
odelm

isspecification
is
a
concern,the

particle
filter

perform
s
better

than
the

practical
filter,

for
the

sam
e
com

puting
tim
e.
A
gain,

it
is
im
portant

to
recall

that
the

key

to
the

perform
ance

of
the

particle
filtering

algorithm
is
that

the
states

w
ere

updated
using

the
auxiliary

particle
filtering

approach
of
P
itt
and

Shephard
(1999).

W
e
next

consider
the

im
pact

of
sequential

learning
on
option

prices.
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T
able

1:
Full

sam
ple

com
parisons.

T
his

table
com

pares
the

accuracy
of
the

tw
o
sequential

m
ethods

to
fullM

C
M
C
estim

ation.
W
e
sum

m
arize

the
differences

in
posterior

distribution

via
the

posterior
m
ean

and
standard

deviation.

M
C
M
C

P
article

P
ractical

P
aram

eter
M
ean

Std.
D
ev

M
ean

Std.
D
ev

M
ean

Std.
D
ev

p
(α

v |Y
T
)

-0.0035
0.0017

-0.0039
0.0017

-0.0039
0.0016

p
(β

v |Y
T
)

0.9905
0.0020

0.9905
0.0020

0.9881
0.0021

p
(λ|Y

T
)

0.0064
0.0027

0.0063
0.0012

0.0040
0.0009

p
(μ

z |Y
T
)

-2.3399
1.3053

-2.1298
0.6737

-1.3049
1.4416

p
(σ

z |Y
T
)

4.2906
1.0294

3.3077
0.4902

6.5391
1.1087

p(log
(V

T
)|Y

T
)
-0.3393

0.3781
-0.2860

0.3871
-0.3765

0.3808

p
(J

T |Y
T
)

0.0011
0.0331

0.0015
0.0331

0.0000
0.0000

p
(J

T
Z
T |Y

T
)

0.0002
0.0285

-0.0001
0.0325

0.0000
0.0000

3.3
S
equ

ential
learn

in
g
an
d
op
tion

p
rices

In
this

section,
w
e
focus

on
one

of
the

asset
pricing

im
plications

of
our

sequential
learning

results
by
quantifying

how
option

prices
change

due
to
sequential

param
eter

learning.
A
s

m
entioned

in
the

introduction,a
num

ber
ofauthors

have
noticed

that
there

w
as
a
dram

atic

increase
the

B
lack-Scholes

im
plied

volatility
sm
iles

after
the

crash,
see,

for
exam

ple,
B
ates

(1991),
R
ubinstein

(1994),
and

others,
there

has
been

quite
a
bit

of
tim
e-variation

in
the

im
plied

volatility
sm
ile
of
index

options.

In
term

s
of
option

pricing
m
odels,

this
suggests

that
in
jum

p
based

m
odels,

the
para-

m
eters

indexing
the

jum
p
distribution

change
over

tim
e.
B
ates

(1991)
addresses

this
issue

by
taking

a
M
erton’s

(1976)
jum

p-diffusion
m
odeland

backing
out

option
im
plied

param
e-

ters.
T
hese

param
eters

then
provide

"direct
insights

into
the

clim
ate

of
expectations"

of

investors.
B
ates

finds
that

there
is
substantialtim

e
variation

in
"crash"

fears,as
m
easured

by
these

param
eters

both
pre

and
post

crash,
although

the
largest

m
ovem

ents
w
ere

after
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the
crash,

naturally.
B
enzoni,

C
ollin-D

ufresne,
and

G
oldstein

(2005)
em
bed

this
learning

in
an
equilibrium

consum
ption

based
m
odel.

In
a
related

vein,
P
an,

L
iu
and

W
ang

(2004)

argue
that

investors
m
ay
robustly

price
options,

as
a
w
ay
of
dealing

w
ith

the
substantial

uncertainty
surrounding

the
jum

p
param

eters.
In
this

section,
w
e
quantify

som
e
of
the

option
pricing

im
plications,

and
relate

them
to
existing

findings
in
the

literature.

T
o
investigate

the
option

pricing
im
plications,

w
e
use

the
sequential

param
eters

as
in-

puts
into

M
erton’s

option
pricing

m
odeland

then
com

pute
B
lack-Scholes

im
plied

volatility

from
a
range

of
option

strikes.
W
e
use

the
posterior

m
edians

of
the

param
eters

as
inputs.

In
doing

so,w
e
abstract

from
the

im
pact

oflearning
on
the

stochastic
volatility

param
eters.

Since
these

param
eters

typically
have

a
very

m
inor

im
pact

on
the

volatility
sm
ile,they

w
ill

have
little

im
pact

on
the

results.
A
llresults

are
holding

totalvolatility
constant,w

hich
also

m
itigates

any
im
pact

of
stochastic

volatility,
and

the
options

m
ature

in
tw
o
w
eeks.

Since

short-dated
options

display
jum

p
risks

m
ost

clearly,
they

provide
the

relevant
benchm

ark.

T
o
understand

the
im
pact

of
the

C
rash

of
1987,w

e
report

the
posterior

m
edians

for
the

jum
p
param

eters
before

and
after

the
C
rash

(O
ctober

19,
1987),

as
w
ell
as
the

values
at

the
end

ofour
sam

ple.
For

the
jum

p
tim
es,w

e
report

the
annualestim

ate
of
the

num
ber

of

jum
ps
and

for
μ
z
and

σ
z ,the

param
eters

are
in
percentages.

For
the

jum
p
param

eters,the

estim
ates

for
λ,

μ
z ,
and

σ
z
for
O
ctober

9,
1987,

O
ctober

19,
1987

and
D
ecem

ber
30,

2001

are bλ
=
(1.05,1.54,1.34),bμ

z
=
(−
1.72,−

4.35,−
2.72),andbσ

z
=
(2.81,7.12,5.1).

From
this,

it
is
clear

the
huge

im
pact

of
the

C
rash:

jum
p
probabilities

increased
by
about

50
percent,

m
ean

jum
p
sizes

fell
dram

atically,
and

the
jum

p
size

volatility
m
ore

than
tripled.

T
o
quantify

the
im
pact

on
im
plied

volatility
curves,

F
igure

10
provides

B
lack-Scholes

im
plied

volatility
sm
iles

for
prices

com
puting

from
M
erton’s

m
odel

using
the

above
jum

p

param
eter

estim
ates

and
constraining

total
volatility

to
be
constant.

T
he
results

indicate

that
the

tim
e-variation

in
param

eters
w
ould

generate
drastic

changes
in
im
plied

volatil-

ity
sm
iles.

A
s
m
easured

by
the

slope
of
the

im
plied

volatility,
the

ratio
of
5,
10,

and

15
percent

O
T
M
im
plied

volatility
to
A
T
M
volatility

changes
from

(1.02,1.14,1.28)
to

(1.28,1.76,2.09).
In
dollars

term
s,
for
exam

ple,
for
a
$100

stock
price,

the
5
percent

O
T
M
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option
prices

tripled
from

$0.057
to
$0.175.

T
he
results

also
indicate

that
the

slope
of
the

im
plied

volatility
sm
ile
has

m
oderated

since
the

crash
of
1987.

Sequentialjum
p
param

eter

estim
ates

indicate
that

investors
now

view
jum

ps
are

less
likely

(as
m
easured

by
estim

ates

of
λ)
and

sm
aller

(as
m
easured

by
|μ

z |
and

σ
z )
at
the

end
of
the

sam
ple,

than
post-crash

1987.T
ogether,these

results
indicate

that
learning

can
have

large
and

interesting
im
plications

for
options

pricing.
Standard

option
pricing

m
odels

assum
e
that

investors
observe

the

true
param

eter
values

that
index

the
stock

price’s
evolution.

O
ur
results

indicate
that

if
investors

learn
about

the
param

eters
from

past
data,

there
is
a
substantial

variation

in
these

param
eters,

and,
m
oreover,

that
this

learning
has

a
first

order
im
pact

on
option

prices.
T
his

suggests
that

alternative
option

pricing
approaches,

such
as
those

in
B
enzoni,

C
ollin-D

ufresne,
and

G
oldstein

(2005)
provides

a
fruitful

avenue
for
future

research.

4
C
on
clu
sion

s

T
his

paper
extends

existing
sequential

algorithm
s
developed

in
Storvik

(2002)
and

Jo-

hannes,
P
olson,

and
Stroud

(2002)
to
the

case
of
stochastic

volatility
m
odels

w
ith

jum
ps.

W
e
also

extend
Storvik’s

algorithm
to
incorporate

an
auxiliary

particle
filtering

step.
W
e

find
that

both
practicaland

particle
filtering

provide
accurate

inference
for
sim
ulated

data.

O
n
S&
P
500

data,
the

algorithm
s
generate

som
e
substantial

differences,
w
ith

the
particle

filter
perform

ing
better.

B
oth

algorithm
s
are

com
putationally

feasible
as
run

tim
es
for
even

large
datasets

(2000
datapoints),

are
less

than
20
m
inutes.

From
an
econom

ic
perspective,

w
e
find

substantial
variation

in
sequential

param
eter

estim
ates,

especially
for
jum

p
param

eters.
Since

jum
ps
are

rare,
investors

learn
about

the

probability
of
a
jum

p
and

the
param

eters
indexing

the
param

eters
infrequently,

resulting

in
m
ajor

revisions
in
beliefs

around
jum

p
events.

W
e
show

that
these

revisions
result

in

large
changes

in
option

prices,
even

if
total

volatility
is
held

constant.
B
roadie,

C
hernov,
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and
Johannes

(2005)
docum

ent
that

there
is
evidence

for
tim
e-varying

risk-neutral
jum

p

param
eters

based
on
option

price
data,

and
it
w
ould

be
interesting

to
com

pare
the

option

based
tim
e-varying

param
eter

estim
ates

and
the

sequential
param

eter
estim

ates
from

the

tim
e
series.

In
the

future,
w
e
plan

to
further

analyze
the

particle
filtering

algorithm
s,
in
order

to

better
understand

their
shortcom

ings
and

to
propose

potential
rem

edies.
O
ne
potential

rem
edy

is
to
introduce

alternative
proposal

densities
for

the
param

eters
and

the
state

variables,building
on
the

w
ork

of
P
itt
and

Shephard
(1999).

Second,w
e
plan

on
analyzing

the
option

pricing
im
plications

in
greater

detail.
O
ur
sequential

estim
ates

m
ake

strong

predictions
regarding

how
and

w
hen

im
plied

volatility
sm
iles

w
ill
change

over
tim
e
and

it

w
ould

be
interesting

to
com

pare
these

im
plications,

based
solely

on
returns,

to
the

actual

variation
based

on
index

option
data.
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